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Abstract 

In the present work we obtain two important results for the Symmetric Regulraized- 
Long-Wave equation. First we prove that the initial value problem for this equation is 
ill-posed for data in H S (M.) x _ff s_1 (R), if s < 0, in the sense that the flow-map cannot 
be continuous at the origin from H S (R) x H S ~ 1 (W) to even (£>'(R)) 2 . We also establish 
an exact theory of convergence of the periodic solutions to the continuous one, in Sobolev 
spaces, as the period goes to infinity. 
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1 Introduction 

In this work we study the Symmetric Regularized-Long-Wave equation (SRLW equation hence- 
forth) 

utt + u xx + {uu x ) t - u xxtt = 0, (1.1) 

where u is a real-valued function and the subscripts denote the derivative with respect to the 
spatial variable x and time t. The Symmetric Regularized-Long-Wave equation is a model for 
the weakly nonlinear ion acoustic and space-charge waves. This equation was introduced by 
Seyler and Fenstermacher in [15] , where a weakly nonlinear analysis of the cold-electron fluid 
equation is made. The equation (jl.ip has the equivalent form 

J u t - u xxt + uu x - v x = 0, 

y v t - u x = 0, 

for alH > and x E M. This equivalent system has four conservation laws 

E(u,v)= ( ' (uv - ^u 3 )dx, V(u,v) = i f (u 2 + u 2 x + v 2 )dx, 



Il(u,v) = J u dx and l2(u,v) — J v dx. 

The SRLW equation have been studied for different authors from various point of view, for exam- 
ple Chen in [S] established the stability and instability of the solitary wave solutions associated 
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to the generalized SRLW equation using the framework given by Grillakis, Shatah and Strauss 
[9] [10] . See also Chen and Li [7] , Fei j8] , and Zhang [16] , where different technics were used to 
obtain explicit solitary and periodic solutions for generalized versions of the SRLW equation. 

For later use, let us define D x = \d x . Then (|1.2p can be written as 

iu t = tp{D x ) (\u 2 - v) , 

iv t = -ip(D x )u, (1.3) 
u(x, 0) = uq(x), v(x, 0) = vq(x), 

where ip(D x ) and tp(D x ) are the Fourier multiplier operators define by 

v(Dx)u(z) = ipiom, ^W0 = V>(0a(0> with ^) = r J_, ^(0 = e 

Quite recently, Banquet in [1] prove that the initial value problem (|1.3j) is globally well-posed 
in the Sobolev spaces H S (M) x if s_1 (R) for s > 0. More precisely, 

Theorem 1.1. Suppose s > 0, then for all (uq,vq) £ H S (R) x _ff(R) s_1 there exists a posi- 
tive T = T{\\uq\\h s , H^ollff 3 - 1 ) an d a unique solution of il.3\) on the interval [—T,T] 7 such that 
(u,v)&C{[-T,T};H s (R)xH s - 1 (R)). 

Furthermore, for R > 0, let Br denote the ball of radius R centered at the origin in H S (M.) x 
iJ s_1 (K) and let T = T(R) > denote a uniform existence time for the initial value prob- 
lem il.3\) with (uq,Vq) G Br. Then the correspondence (uq,Vq) i— > (u(t),v(t)) that associates 
to (uo,Vq) the solution (u(t),v(t)) of the IVP M.3\) with initial data (uq,vq) is a real analytic 
mapping from B R to C([-T,T}; H S (R) x iP-^R)). 



To obtain this result Banquet performed a Picard iteration on an adequate space and took 
advantage of Lemma 1 established by Bona and Tzvetkov in [3] . On the periodic case a similar 
result as in Theorem 11.11 was obtained in Banquet [TJ, in this case the proof in based on Lemma 
3.1 established by Roumegoux in [14]. The theory given by Banquet improves the earlier work 
of Chen [5], where a global well-posedness result was proved in iJ 1 (]R) x L 2 (R). 

Recently, motivated by the idea introduced by Bejenaru and Tao [2], Molinet and Vento [TT] 
obtained a sharp ill-posedness result for the KdV-Burgers equation in H S (M), s < —1 in the 
sense that the flow map uo i— > u(t) cannot be continuous from H S (M.), to even T>'(M.) at any 
fixed t > small enough. It is worth to note that Panthee in [T2] based on the ideas on Molinet 
and Vento proved that the IVP for the BBM equation is ill-posed for data in H S (M.) if s < 0, in 
the sense described above. Following the scheme presented by Molinet and Vento, in this paper 
we obtain the next result. 

Theorem 1.2. Let s < 0, then the initial value problem \1.3\) is ill-posed in Hp er (R) x Hp~ r 1 (M.) 
in the following sense: There exists T > such that for any < t < T, the flow map (ito, vq) h> 
(u(t),v(t)) constructed in Theorem \1.1\ is discontinuous at the origin from i 2 (R) x H~ 1 (M) 
endowed with the topology induced by Hp er (R) x H^-QS.) into 2?'(R) x V(R). 

We can also prove a very similar result as in Theorem 11.21 for the SRLW equation in the 
periodic setting (See Remark 13.11 below) . At this point we want to refer to the work of Molinet 
and Vento [T2J, where the sharp ill-posedness result for the KdV-Burgers equation is proved in 
the periodic case. See also Panthee [13] , where a similar result is obtained for the periodic BBM 
equation. 
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The second part of the paper is dedicated to study another important property of the reg- 
ularized equations, namely, the convergence of the periodic solutions to the continuous one on 
Sobolev spaces. Here we propose a scheme for approximating a localized disturbance by a spa- 
tially periodic evolution. More precisely we study the SRLW equation with two initial data, one 
vanishing at infinity and another periodic with large period. 

Next, to give the study focus, the main result of second part the paper is stated informally. 

Theorem 1.3. Let (u, v) the solution of the SRLW equation ll.2\) corresponding to the initial 
condition (u(x,0),v(x,0)) = (if)(x), (f>(x)) which is sufficiently nice. LetVi(4>) andVi((f>) appro- 
priately version of ip and </>, respectively. Consider the periodic solution of {ui , vi ) , with initial 
data (Vi(ip), Vi((j))). Then, when both solutions are restricted to the spatial interval (—1,1), their 
difference satisfies 

lim \\(ui(t),vi(t)) - (u(t),v(t))\\ x t,2 = 0, 
uniformly on compact time intervals. 

This theory of convergence provides a discrete method to approximate the solutions of the 
SRLW equation when the initial data lies in some Sobolev space on the line. As far as we know 
it does not exist in the literature these kind of results about convergence and ill-posedness, we 
hope that these new theories would be of interest. 

This paper is organized as follows: In Section 2 we introduced some notations to be used 
throughout the whole article; in Section 3, we obtain the results of ill-posedness in the continuous 
and periodic setting; in Section 4, we show the convergence of the periodic solutions to the 
continuous one. 

2 Notation and preliminaries 

We denote by Fx(f)(0 or /(£), the Fourier transform of / in x variable 

7(0 := 7(0 ■■ 4= / e-^f(x)dx. 
We use H s (R) to denote the L 2 — based Sobolev space of order s with norm 

ll/ll^ = (^(i + l£l 2 W(0l 2 ^) 2 - 

Similarly, if / is an interval in R, L p , with p > 1 represents the usual Lebesgue space with the 
usual norm || • ||j,j>m. In particular, we denote || • Harare) by || • Hoc. For any nonnegative integer 
m, the space 

W m - 2 (I) = |/, /',..., /<"*> e L 2 (I) : J (\f(x)\ 2 + |/< ro >(z)| 2 ) dx < co 
is a Hilbert space with norm denned by 

i 

WfWw^HD = (J (l/^l 2 + l/ (m) W| 2 ) dx\ 2 . 

If to = 0, we denote W°' 2 (L) = L 2 (I). We also use the Hilbert space X m ' 2 (I) = W m ' 2 (L) x 
W m ~ 1,2 (I) with the natural norm. 

ll(/>s)IU'". 2 = ll/llw™- 2 . + IMIw™-!. 2 - 
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Now, we introduced an analogous periodic function space 



H t = I f( x ) = E /» eHp : /« = /-« e c ' E(! + « 2 ) s i/»i 2 < °° | 



with the norm 

2s 

i ' T 

n£Z 



/ii*H 2 '£( 1+ t J^J • 

If s is an integer, the norm has an alternative representation 

i 

n/ik r = ^(i/(^)i 2 + i/ (s) wi 2 )^) 2 , 

which coincides with the norm ||/||vf s > 2 (i) when / is restricted to the interval (—1,1). When 
/ = (—1,1), sometimes we write, Lf, X" 1 ' 2 and W^' 2 , instead of L p (—l,l), X m ' 2 (—l,l) and 
W m ' 2 (— 1,1), respectively. 

Various constants whose exact value are immaterial will be denote by C. We also use the 
notation A < B (respectively, A > B) if there exist a positive constant C such that A < CB 
(respectively, A > CB) and A ~ B means that A < B < A. 



3 Ill-posedness result 



In this section we obtain an ill-posedness result for the system (|1.2[> with initial data (u(0),v(0)) = 
(u ,v ) on the periodic and continuous setting. For this we use the ideas established by Mo- 
linet and Vento [TTJ [T2] and Panthee [13]. Let us start with the continuous case. Indeed, for 
(u ,v Q ) € X S (WL) := H S (R) x iP-^R) consider the Cauchy problem 



' iu t = (p(D x ) (\u 2 - v) , 

iv t = -ip(D x )u 
t (u(x,0),v(x,0)) = (eu (x),ev (x)). 



(3.1) 



where e > is a parameter. The solution u e — (u e ,v e ) of (|3. 1[) depends on the parameter e. 
Solving the linear problem 

iu t = -ip(D x ) (v) , 
iv t = -ip(D x )u, 
(u(0),v(0)) = (eu Q ,ev ) 

we get the solution (u e (t), v e (t)) = eS(t)(u ,v ), where 



with a(£) 



« e (t,0 



cos(a(£)i) 



sm(a(£)t) 



Vi+j? 

iv / TTWsin(a(Ot) cos(a(0*) 



Then, p.ip may be rewritten as the integral equation 



So(0 

MO 



'(x,t) = eS(t)(u ,v )(x)-i / S(t-r)G vT(x,t) 



r— l . 



<h 
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where G is given by G(u, v) = (tp{D x ) (^u 2 ) , 0) . Then, we get 

= S(t)(u ,v )(x) 



b\f{x, t) 



de 



e=0 



and 



d 2 ^(x,t) 



de 2 



e=0 



= -2i S(t~T)G[S(T)(u ,v )(x)}dT. 
'o 



Proof of Theorem 11.21 

Let N ^> 1 and define {^Nj^n) via the Fourier transform as 

<M0 = XiAO+XiA-0 and ^(£) = ,/T+Wfo(.t), 

where In — [N — 1,N + 1]. Simple calculations show that ||</>./v||z, 2 (r) ~ 1, ||V'Jv||/f- 1 (R) ~ F 
||0Af||ff s (R) —> and HV'ivllifs-i(R) — > 0, if s < 0. As pointed out in the introduction of this 
section, the second iteration in the Picard scheme is the following, 

I 2 ((h, k), (h, k), t)=2 f S(t- t)G [S(j){h, k)(x)} dr. 
Jo 

Now, using (0 pf , %ji ijv) in place of (h,k) and computing the Fourier transform in x, we obtain 
TAU^n^^A^n^n)^) = (A(t,N,t),B(£,N,t))), where 

A(£, N,t)= f y>(0 cos(a(0(t - r))F x (K 2 ((/) N ,ip N )) (£, r)dr, 



and 



:sin(a(£)i)?(0- 



«"(/,ff)(^*) = cos(a(0t)/(0 + 



After some simple calculations we have that 



A{£,N,t) = / <p(g) cos(a(g)(t - t)) / cos(a(£-i])T)cos(a(i])T)(j) N (£,-ii)<f) N (n)di]dT 

JO JR 

' ' / /,w /" sinfaff — T])t) sinfaf^r) -r- ,.. . -r~ , . , , 

^(0cos(o(f)(i-r)) / LiL^ /; J_ ^ KU U N (S-T,)Tp N (r,)d V dT 

Jm v 1 + Krv 1 + Is-^r 



=^(0 cos(a(0*) 
+p(0sin(a(0t) 



v^+hF^i + i! - v\ : 



^n{£,-v)^n{v) 



dr) 
dr], 



where 



J\ = J\ (£, i) = / cos(a(£)-r) cos(a(£ - rf)r) cos(a(n)T)dT, 
Jo 
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•h = hiC, Vi t) — / cos(a(£)r) sin(a(£ - T))t) sin(a(r))r)dr, 
Jo 

J3 = J3 (£)»?>*) = / srn(a(£)r) cos(a(£ - rj)r) cos(a(rj)T)dT, 
Jo 

J4 = Ji(£, T),t) = / sin(a(£)r) sin(a;(£ — rf)T) sin(a(r])T)dT. 
Jo 



(3.2) 



Since $>jv(£) — \/l + |<f | 2 0at (^) , we arrive at 

A(£, N, t) =^(0 «»(a(0t) J [Mt, V, t) - J 2 (£, V, *)] far({- v)fa(v)dv 

Jr 

Now, we calculate the value of AT, i). 

B(&iV,t) -iv/l + lCl 2 / ^(0Bin(a(0(«-T)) / cos(a(£ - r,)r) co S (a(ri)r)^^ - t,)to(rj)dridr 



Jo Jr \/l + If IV 1 + I? _ 



=iA/TTKiMOsin(a(0*) 



-iVT+|^V'(0aM(a(0t) 



Ji{£.,ri,t)<i> N {£ - rf)4> N {ri) - 



Jzfa ^ t)ip N (£ - r?)-0iv (77) 

V T +WV 1 + \^~v\ 2 



drj 
dn. 



Again, using the fact that V>jv(f) = \/l + |f | 2 </>7v(f )j we get that 



AT, i) ^V^ + HlMO sin(a(0*) / [M£, V, t) - J 2 (£, V, *)] <M£ - ??)<M*?)*7 



iVT+W<P($) cos(a(f)i) / »?,*)- MZ,ri,t)]<l>N(Z-T))<l>N(Ti)dT)- 



From the definition of 0, Q3.2p and (|3.3[) . become 

AT, t) = ^(0 cos(a(0t) / [Ji(e, »?„ t) - Ja(f, »?, *)] *? 



and 



+ ^(0 sin(a(0*) / [JsK, *) " J4(C, »7, *)] d V 
Jb s 



(3.3) 



(3.4) 



(3.5) 



Vl + KIMO cos(a(0*) / [Mt, V, t) - J 4 (f , r?, *)] *?> 



where 



Bi = {v ■ V e [I N U (-I n )] and £ - 77 e [J w U (-Jjv)]}. 
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Define 



V) = «(0 + «(£ - »/) + «(»)). 0a(£> »7) = "(0 - <*(£ - »?) + £*(»?), 
»?) = a(0 - «(£ - t?) - afa), = a(0 + - »7) - afa). 

Then, doing some calculus we obtain that 

i[0 2 (g,q)*] sinlggfe^ , sin [0 4 



3 



4Ji(f,77,t) = — . . 1 , r 

* UP ,n _ sin [fli(g,T?)t] _ sin[fl 2 (£,77)t] sin [fl 3 (g, _ sin [9 4 ^,r,)t} 

' ei&v) h&v) hfov) ' 

[^(g,^]-! | cos[0 2 (Z,Ti)t] - 1 , cosfofoq)*]-! cos[0 4 ^^]-l 

3 (^) fcfoq) 



, w, .n COS [gU^Jt 

0i(£>f?) »2 

1 cos[0 2 (g,q)*]-l cos[0 3 (£,r,)t] -1 cos [fl 4 (C, *?)* 



,,,, ,n cos [6>i 



We can therefore conclude that 



and 



cos^fcq)*]-! cos [0 3 (e, - 1 



Now, we move to find a lower bound for || ^2 ((0at, V'iv), (4>n, V 1 . 
to this norm comes from combination of frequencies such that 
In fact, using (|3~4"]h ([33]) . (|3~6)) and ([57f)l. it follows that 



(3.6) 



(3.7) 



||^2((0at, ^at), (0at, V'Af), i)ll^ s • The main contribution 
frequencies such that |0i(£,??)| and |0 3 (£, r/)| are small. 

if fnl Inure f Vi a f 



||I 2 ((<^),(0,^),*)l 

"(i + l£l 2 )X0l 



> 



= / (i + iei 2 riA(e,7v,i)i 2 de 

:{i)t f (Ji - J a )d»J ~ *e M(4) * / (J 3 ~ J 4 )^ 

2 



(l + lfl 2 )'- 1 ^,^,*)!^ 



> 



where 



/ (l + l£| a )XOI 2 / (Ji-JJdri 

«/|£|~o(l) JAf 



A e = {n:ri£ 



(3.8) 



Note that for 77 € A^, we have |r/| ~ |£ — 77 1 ~ A*" 
|6*3 n)\ ~ o(l). Therefore, for any £ > fixed we get 

'Ii(Z,V,t)-h(t,V,t)\>C\t\ 



In, £-11 € -In or £-r)€lN, r)€-I N }- 

\0i(£,V)\ ~ o(l) and 



N and consequently 



(3.9) 



Also note that, for |£| ~ o(l), measure(A^) > 1. Hence, for any fixed t > and for some positive 
constant Co, using (|3.8[) and (|3.9[) . we obtain 

ii^a^,^),^,^),*)!^. > i«i / (i + \t\ 2 y\rto\ 2 dt; 

J\(\~o(l) 

> 



(3.10) 
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By construction ||(0jv, ^n)\\x s — >• 0, for any s < 0, therefore the last inequality ensures that for 
any fixed t > 0, the application (v,o,vq) i-> /a((uo) v o), (wo,uo),t) is not continuous at the origin 



from X s 



= H s 



x H" 



to even (P'(M)) Z 



The rest of the proof follows in a very similar way as in Molinet and Vento [TTJ [12] and 
Panthee [13], we make an sketch for the sake of completeness. The idea is to prove that the 
discontinuity of (140,1*0) i-> ^((uojfo), ( u o, v o),t) at the origin implies the discontinuity of the 
flow-map (uq,vq) h- > (it(t),u(t)). From Theorem II .![ there exist T > and e > such that for 
any |e| < e , any /i)IU 2 (R)xl=(R) < 1 and < t < T, one has 



~tt(eit,t) = eS(t)~t + Y^e k I k (t ,t), 



(3.11) 



k=2 



— >k — y — >fc 

where h := {{h, h), (h, h), ■ ■ ■ , (h, h)), h i-> Ik(h ,t) is a fc-linear continuous map from X (M) 
into C([0,T];X°(R)) and the series converges absolutely in C([0, T]; X°(R)) (See Theorem 3 in 
Bejenaru and Tao [2]). 



From p. lip , we have that 

u(e(<f> N , ip N ), t) - e 2 I 2 (((f>N,ipN), {<t>N, iPn), t) = eS(t)h + ^ e k I k (H\t), 
Note also that 



k=3 



\S(t)(</> N ,1> N )\\x* < \\(<t>N,i>N)\\ 



X-- 



N s 



and 



k=3 



< 



3 00 



Y,4\\H{<i>N,i>N) k ,t)\\xo<c<? 



(3.12) 

(3.13) 
(3.14) 



k=3 



Therefore, from (|3T2j) . (f3TT3|) and (f3TT4]> we get, for any s < 0, 

sup ||u(e(0Ar,-0w),i) - e 2 I 2 ((cf>N,i>N), (<t>N,ipN),t)\\x° <0(N S 
te[o,T] 



Ce". 



Now, if we fix < t < 1, take e small enough and then N large enough, and taking into account 
(|3.10p : the estimate (I3.14j) yields that e 2 l2((4>N,' t pN),(4>N,4>N),t) is a good approximation of 
u(e(<f)N,ipN),t) in X S (IR) for any s < 0. 

If we choose e < 1, from ([3~T2l . (f3TT3]) and (|3~14| . we get 

||u(e(0j\r,V'Ar),*)IU« > e 2 ||/ 2 ((^Ar, i/^tv), (<?W, Vjv), - e\\S(t)(<f>N,ilJN)\\x> 

OO 

-53 cfc ii J fc((^.^)*,*)iix. 

fc=3 

> C Q e 2 ~de 3 - CeN s 

> _ Ce ^. 
~ 2 

If we fix the e <C 1 chosen earlier and choose TV large enough, then for any s < 0, the last 
estimate yields, 

\\u(e(<f> N ,iP N ),t)\\x* > ^fe 2 . 
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Note that, (u(0,t), v(Q, t) = and \\(4>n, V'aOIIx s (r) — ► for any s < 0. Therefore, taking TV — > oo 
we conclude that the flow-map (uq,vq) h-> (u(t),v(t)) is discontinuous at the origin from X s (K) 
to C([0, 1];X S (R)), for s < 0. Moreover, as (4>n,^n) ^ in X°(K), we also have that the 
flow-map is discontinuous from X°(M), equipped with its weak topology inducted by X s (M) 
with values even in (V'(R)) 2 . □ 

Remark 3.1. In the periodic case, i.e., for x € T, there is analytical well-posedness result 
for data given in Sobolev spaces without zero Fourier mode ( i.e., with zero x—mean) H S (T) x 
JP _1 (T), s > 0, see Banquet fl^. Now, for N ^> 1, define the sequence of functions a n and b n , 
by 

fl, \n\~N j ^/l + N 2 , \n\~N 

fl n = < O n = < 

[ 0, otherwise y 0, otherwise 

Consider <f> N , ip N given by (f) N (n) = a n , ip N (n) = b n , then clearly \\ (</> N , ■^n)\\l 2 (T)xH- 1 (T) ~ 1, 
and || (<Pn, V'Jv)||a s (T)xff s - 1 (T) ~~ ^ 0, for any s < 0. //we proceed with the calculations exactly as 
above considering the Sobolev space H S (T) x i/ s_1 (T) without zero Fourier mode, we can obtain 
a similar ill-posedness result for s < 0, in the periodic case too. 

4 Long Period limit 

In this section we study the convergence of the periodic solutions of the SRLW equation to the 
continuous one, on Sobolev spaces. First we study the continuous initial value problem, namely, 

u t - u xxt + uu x - v x = 0, x eR, t> 

v t -u x = 0, x e K, t > (4.1) 

{ (u(x, 0),v(x, 0)) = (f>(x)), xeR. 

Rewrite the first equation in (|4.1j) as u t — u xx t = v x — uu x , then, following Benjamin, Bona and 
Mahony [3], formally solve for ut to obtain 

u t{x, t) = - j e~\ x ~ y \ [v y (y, t) - u(y, t)u y (y, t)} dy. 



2 _ 

Integrating by parts on the right-hand side of the last equation yields 

u t {x,t) = -- j sga(x - y)e-\ x ~ y \ [v(y,t) - \u 2 {y,t)]dy. 
1 Jr 

Formally, integrating with respect to the temporal variable over [0,t], the last equation and the 
second equation in (|4.1|) one obtains the integral equations 



(4.2) 



u(x,t) = ij)(x) + / / K(x - y) [v(y,t) - \u 2 {y,t)] dy, 

JO JR 

v(x, t) = 4>(x) + / u x (x,s)ds, 
Jo 

where K(x) = —\ sgn(x)e _ ' ;E '. 

As was pointed out before, Banquet in [T] established the next result. 

Theorem 4.1. The initial value problem is locally and globally well-posed in H S (R) x 

H^iR) if s > 0. 
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For all the discussion about convergence, we assume that the Fourier transform of a function 
/ is given by 

7(0 = I f(x)e- 2 ^dx 



and the norm of the continuous Sobolev space is 

\\f\\ B . = (7(1 + |2<| 2S )|/(£)| 2 ^ 



The following theorem gives spatial decay estimates of solutions u of the Cauchy problem (|4.1[) 
corresponding to similar conditions on the initial data ip. 

Theorem 4.2. Suppose that ip € H 1 (M.) and r(x)ip(x) is uniformly bounded, where r(x) = 
(1 + x 2 ) a with a > a constant, or r(x) — e Xx with A € (0, 1). Then for any x £ K and T > 0, 
the solution u satisfies 

\r(x)u(x,t)\ < (||^||oc + K T||r0|| oo )e K ( T+ l'^ ) l'- 1 ' 2 )* ; for all t € [0,T\. (4.3) 



Here 



k = sup 



Proof: Define U(x,t) = r(a;)w(x,i) and V(x,t) = r(x)u(x,i). Then, the first integral equation 
in (I4.2[) is equivalent to 



[/ (x, t) — r(x)ip(x) + r(x) 



K{x - y) 

r{y) 



V(y,s) - ~u(y,s)U(y,s) 



dyds. (4.4) 



Using the second equation in (|4.2I) and integrating by parts, we have for s £ [0,T] and x G 
that 



K(x - y ) 1 



V(y,s)dy= / r(x)K(x - y)v(y,s)dy 



r(x)K(x - y) U>(y) + j u y (y,T)dTj dy 

r(x)K(x — y)<fi(y)dy + — I I r(x)e~\ x ~ v \u(y,T)dydr 

2 ./n ./u 



Since s < t < T, we get that 

r(cc) 



' if (a; - y) 



T (^) 1 

——-K(x - y)r(y)4>(y)dy + - 
r{y) 2 



r(x) c _| 3! _„| 



U(y,r)dydT. 



<T/s ||r0||oo+ / II^MHoodr 



(4.5) 



Now, using (I4.4[) . (|4.5|) and elementary considerations we obtain 



Since 



I («,*)! < IHHoo + kTIIt^Hoo + k / ( T + -||u(s)||oo ) ||tf(s)||oods. 



IK»)||=o < < ^\\(u(s),v(s))\\ xl ,, = ^||(^0)|| xl , 2 , 
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we have that 

oo T K (T+ / || U(s) ll^ds. 

JO 

Applying Gronwall inequality gives 

ITOIU < (Halloo + /cTHr^lloo) e< T+ ^'^^y 

for all t £ [0, T] and the estimate (|4.3j) follows readily. □ 

Next, we review the problem (|4.1[) with periodic initial data. Banquet in 1 proved the 
following result. 

Theorem 4.3. The initial value problem j4-l\ ) is locally and globally well-posed in H^ er x Hp^} 
ifs>0. 



The following theorem gives the estimative of the periodic solution u of (|4.1I) at x = ±1. 

Theorem 4.4. In Cauchy problem assume that the periodic initial data (ip, (f>) € x Lf 

and let T > 0, 

D = \lpn ~ ^n-lli E = I 2J \4>n ~ <l>n-l\, 

neZ nGZ 

where f n is the Fourier coefficients of f. Denote A~T + /3(l)\\(ip,(j>)\\ x i,2 and 



B = 7TTf3(l)\\^^)\\x^ T + P(l)\\(1>,<l>)\\ x i.>, 



with 



V n£Z v 



-1\ 2 



TTien at a; = ±Z, £/ie solution u(x,t) = ^2 n ^U n (t)e of ^4-l\ ) has the bound 



l\u(l,t)\ = i|«(-I,t)| < 



D + TE 



At 



B 
2A 



1) , for all t e [0,T]. 



Proof: Take the Fourier transform on the equations in (|4.ip . solve for it™ and v™, integrate from 
to t and use the initial conditions to obtain 



U n (t) = lp n 



V n (t) = (p n + 



t imr 
I 



1 + 

* inn 

o ~T 



rt7r 
I I I 



^^u«-fc(T)u fc (T) - v n (r) 



feez 



G?T, 



u n (r)dT. 



Let q n (t) = Z[u„(i) — u n _i(t)] and p n (t) = l[v n (t) — v n -i(t)], for all positive integer n. Then q n 
and p n satisfy the next system of equations 



q n (t) = l[ijj n - -0„-i 



l 117V 
I 



1 + 



717T 
I I I 



fcez 



lit 


[l 


»( 


/i - 


-1)7T 2 












1 + 


(„ 


-l)ir 






1 + 


i 9" 
717T * 


I 






/ 1 



/ g y^ttn-l-fc(T)Ufc(r) - « w -i(t) 



dr (4.6) 



Pn(*) = J[0n - 0n-l] + 



q n (r)dT + iir I u„_i(r)dr 
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Define 



Q(*) = X>»(*)| and P(t) = ^ |p n (t)|. 



1 1 el 



Using the second equation in (|4.6[) . we get that 



E 



m7r />i 

1 7—2 I Pn{r)dr 

1 + Jo 



<TE + T Q(t )dr + ttT I ^ |tt„(r)|rfr. 



Note that 



and consequently 



E 



m7r />i 
I 



_ 1 -I- 22 f Jn 



P„(t)(2t 



<TE + T Q(r)dr + 7TT 2 f3(l)\\^^)\\x^- ( 4 - 7 ) 



On the other hand, using the fact that t) < TTx ' ^ or a ^ x i V > 0, we arrived at 



E 



17T 


1 - 


»( 


n- 


-1)77 2 






P 




1 + 


('» 


-1)tt 






1 + 1 


i 9" 

n-Tr * 


i 






/ 1 



u n _i(r)dr 



< 4?r 



K(t)|cZt 



<4^ / /3(l)\Hr)\\ L 2dT 
Jo 

< 4*0(1) I \\(u(T),v(r))\\ x ydT 



= 4-KT0{l)\\{^,<t>)\\ xl 
Now, from the first integral equation in (|4.6j) . (|4.7|) and (|4.8p . we obtain 



(4.8) 



Q(*)< 



T ^|u„(t)|Q(t)+TQ(t) 



dT + D + TE + TrT 2 0(l)\\(^,(t))\\ 



x 



VngZ 

7rT^(O||(V,0)IU 



53 Mr) I] dr< ^ [^(OIKV.^Hxi.a+rJ Q(r)dr + D + T£? 
T + /3(0||(V^)|| x x/ • 



Therefore 



Q(t)<A[ Q(r)dT + B + D + TE. 
Jo 

Thus, using the Gronwall inequality, it follows that 



Q(t) < (D + TE)e 



A I 



D 
A 



1) , for all t G [0,T] 



Now, we consider the values of the solution u at x = ±Z, it is seen that 

U(l,i) - «(-i,t) = 5^(-l)""n(t) = - 53 hn+l(«) " «3n(t)] = E [" 2 «W _ u 2„-l(t)] 
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and hence 

l\u(l,t)\ = lu(-l,t)\ < l -Q(t) < 2±I^ e At + JL (g At _ x) ) 

for all t G [0, T], which finishes the proof of the theorem. □ 
Corolary 4.5. In the last theorem, if 

D = D(l) = lJ2\i>n-^n-i\, E = E(l) = lY,\ct>n-ct>n-i\, Mh} and \\4,\\ Lf 

n£% nGZ 

are uniformly bounded as I — » oo, t/ien on any compact interval [0, T], i/iere exists a constant C 
independent of I such that 

\u(l,t)\ = \u(-l,t)\<—, for all t£[0,T]. 
4.1 Limiting Results 

For reader's convenience we repeat the initial value problem associated with the SRLW equation, 
namely 

u t - u xxt + uu x - v x = 0, i>0 

v t - u x = 0, i£l, OO (4.9) 

{u(x, 0), v(x, 0)) = (tp(x), <t>(x)), i£l 

Suppose that the initial data ip and 4> are sufficiently nice (See Theorem 14.71 below) , so that 
their Fourier ip and p exist and are continuous. Since we are interested in real functions we have 

that /(— = /(£)■ Assuming that / is continuous in R, for / > we introduced a transform Vi 
as follows 

WJW-Es?©'''-- 

nGZ 

The function Vi(f) is formally a real periodic function of period 21 because / and /(-jf ) are 
complex conjugates for any n. Denote it; = u l and consider the periodic problem 

u\ - u l xxt + u l u l x -v l x =0, x eR, t > 

v[ - u l x = 0, xel, !>0 (4.10) 

( Ul (x,0), Vl (x,0)) = {Vi{i/})(x),Vi(4>)(x)), xtR. 

The next proposition was proved by Chen (see Proposition 3.1 in [6]), for m a positive integer, 
we only note that the argument used to obtain this result also works on the case m = 0. 

Proposition 4.6. Let m G N U {0}. If f E H m (R) and f, f m , f™ G ^(K), t/ierc /or any I > 
the periodic function Vi(f) G HJ", and for any e > 0, £/iere exist an l e > sufficiently large such 
that when both Vi(f) and f are restricted to the interval (—1,1), 

WPl(f) ~ f\\ wr * < e, for all I > l e . 

Next we present our principal result on the comparisons between the solutions (it, v) of (|4.9p 
and (ui,vi) of (|4~TUj) . 

Theorem 4.7. Consider the Cauchy problem J^.ff[ ) ; assume that the initial data (-0, 0) satisfies: 
(tp,4>) G ff 1 (R) x L 2 (R), ip',xp(x) G L X (R) and t/iere exists s > 1 suc/i ttatf 

(l + x 2 )^?/.^) G L°°{R). 



Symmetric Regularized-Long-Wave equation 



14 



Moreover, assume that the Fourier transform of tp and (f> satisfy: 

(1 + e)^(0, £ ^Kx),^) G L X (R). 

Then, the solutions u of {4-9fy and the solution u\ of ^.l&jj , when restricted to the spatial interval 
(—1,1), have the relation 

lim ||(ui(t),»i(t)) -(«(*), w(t))|| x i. a =0. 

I— >oo I 

TTiis convergence in uniformly on any compact interval [0,T]. 
Proof: Introduce new dependent variables 2, r\ and to as follows 

z(x,t) — ui(x,t) — u(x,t), ri(x,t) = vi(x, t) — v(x, t) and w{x, t) = z(x, t) + <p(x, t), 
where ip(x,t) = —z(l,t)(p+(x) — z(—l,t)tp—(x). Here 

3C g 

= e 2i _ e -2i and <P+( X ) = <P-( _a; )- 

Then, 7/(t)) G X 1,2 (— 1,1) and satisfy the initial value boundary problem 

Wt - w xxt + ww x - r/ x — ^ipu - -ip 2 - (u - ip)wj , x G [—1, 1], t > 

ijt - w x = -<p x , x€[-l,l], t>0 
w(x, 0) =: W (» = - ^(») - TOKO - V>(0] (4-11) 

-[^(VOH)-^H)] « G [-1,1] 

iu(-Z, f) = w(Z, t) = 0, t>0 
1 0) =: f] (x) = Vi(ip){x) - x G [-Z, Z]. 

Multiply the first equation in (|4.11[) by 2w and integrate over [—1, 1] with respect to x; after 
integration by parts there appears 

^\\(w,r)){t)f x r, 2 = j t J [w 2 (x,t)+w 2 x {x,t)+ V 2 {x,t)] dx 

= 2 / (u — ip)ww x dx — / (2ipu — (p 2 ) w x dx — I ip x r]dx 
J-i Jo Jo 

< IK*) - <p(t)\\ Lr \\w(t)f w i,, + \\2cp(t)u(t) - V 2 (t)\\ L 2\\w x (t)\\ Lf 



IM*)lli?h(*)ll 



< 



\\<p(t)\\ Lf \\2u{t) - cp(t)\\ Lr + \\<p x (t)\\ Lf \ \\(w,ri)(t)\\ xf> 2 (4.12) 
+ \\u(t)- 9 {t)\\ Lr \\(w,rj)(t)\\ xl , 2 . 

Following the ideas of Chen in [6], we have that \\u(t) — ||z,°° < 2||u(t)|| 00 + \ui(l,t)\. But 

IK*)IU < 4=IK*)|| H1 < l=\\(u,v)(t)\\ xl ,2 = -L||(^,0)|| X1 . 2 

and 

\ut(x,t)\ < W)\\Mt)\\m < p(i)\\(m,vi)(t)\\ x y = W)\\(W)^i(4>))\\ x y- 
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Therefore 

||tt(t)-^(t)|U-<^||(^^)||xx.»+^(OII(^W.^W)ll^.»- ( 4 - 13 ) 
It is not difficult to show that 

||2u(t)-¥>(t)|| if o <2V2\\^,0)\\ xl ,2+2(3(l)\\('PiW,'Pim\\x^- 

Furthermore 

h(t)hf<lu(l,t), (4.14) 
where U(l,t) = \u(l,t)\ + \u(-l,t)\ + |uj(Z,f)|. Since 

II ' i ' II 2 I 21 -2l\ 2 To; m ( 21 , -2l\ , o I -21 2l\ . 4/ —411 , -, 

\\<p + + <p_\\ L 2 = [e —e ) |_8« — 4/ (e +e ) + 2 [e —e )+e —e \ < 1, 
for all/ > 0, we have that 

\\<p x (t)\\ L * < [max{|u(/,t)|,|uH ) t)|} + |n i (/,t)|]|k / + + ¥' / _||i2 < tf(i,t), (4.15) 

Denote 7 = 7 (Z) = \ (V2\\(i/j, <t>)\\x^ + 2p(l)\\(Vi(ip),Vi (4>))\\ x iA ■ From g33]), (gUD and 
(|4.15[l . we can rewrite (|4.12[) as 



^||K77)W||iM<2 7 ||K^)(0llx^+^^)(67 + l)IIK'7)Wllx I I 



Hence, Gronwall inequality provides the following estimative 



\\(w,r,)(t)\\ x i,2 < \\(w , m )\\ x} ,2e^ + 



67- 1 



U{l,s)e^ t - s) ds. 



Now, from the definition of w and 77, we obtain 

Since 11^(^)11^1.2 < 2(|z(Z,t)| + |z(— l,t)\), we arrived at 



||M*), »,(t))-(u(t), v(t))\\ x i.2 < 2(\z(l, t)\ + \z(-l, t)\) + 



67-I 



U(l,s)e^ t ~ s) ds 



+ V2 - n\ w ^ + 2(ka.*)i + + iiw) - ^)Hl ? ) e 7t 

The rest of the proof follows in the same way as Theorem 3.3 in Chen [6], we only prove that 
D(l) and E(l) are uniformly bounded as I — > 00. Indeed, from xip(x) € L 1 (R) we obtain that 
lies in L\R). Hence 

j $'(0|de = /_™^i|?(UI (4.16) 

for any £„ € [^grS 37] ■ Now, consider £)(Z) given above, by the Mean Value Theorem, for each 
n, there exists 8 n £ [0, 1], such that 



4> 



21 



n — 1 
2Z 



V- 

L^i 9/ 



2/ 



n — 1 



2/ 



It is seen that D(l) is uniformly bounded as I — ?> 00 from (|4. 16[) . Similarly we get that E(l) is 
uniformly bounded as I — > 00, which finishes the proof of the theorem. □ 

Acknowledgements: The author is grateful to Hongqui Chen for helpful discussion on the 
subject. 
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